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ELEMENTARY SYMMETRIC POLYNOMIALS

@ To define the hessian equation denote by 5,,(\) the elementary
symmetric polynomial of degree m in A:

SN = Y A A

and consider the " positive cone” I, (m < n)

Fm={X€R" S1(A) >0, -+, Sm(}) > 0}

1
which is convex and the function S/7 is concave when restriced to I,

(by Garding).
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ELEMENTARY SYMMETRIC POLYNOMIALS

@ Assume that
A1 22 Am 2> 2> Ape

lvochkina's characterisation of the cone [, tells that if A € [ ,,, then
for Sii(A) = Sk(A)a—0 = ZE2(N)

Sk;il,...,it()‘) >0

for all {i1,...,it} C{1,...,n}, k+t < m. In particular, if A\ € [,
then at least m of the numbers A1, ..., A\, are positive.
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ELEMENTARY SYMMETRIC POLYNOMIALS

@ Assume that
A1 22 Am 2> 2> Ape

lvochkina's characterisation of the cone [, tells that if A € [ ,,, then
for Sii(A) = Sk(A)a—0 = ZE2(N)
Sk;il,...,it()‘) >0

for all {i1,...,it} C{1,...,n}, k+t < m. In particular, if A\ € [,
then at least m of the numbers A1, ..., A\, are positive.

@ Lin-Trudinger inequality: there exists a constant 6, depending on n
and m, such that forany A€l ,,and i > m

(It does not hold for i < m.)
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COMPLEX M-HESSIAN EQUATIONS IN C”

@ The equation is elliptic on the set of m-subharmonic functions (m-sh).
A CZ(Q) function u is called m-sh if for any z € Q the Hessian matrix

828 (z) has eigenvalues in the closure of the cone I,;,. In other words

(dd )" AB" K >0, k=1, ---, m. (%)
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COMPLEX M-HESSIAN EQUATIONS IN C”

@ The equation is elliptic on the set of m-subharmonic functions (m-sh).
A CZ(Q) function u is called m-sh if for any z € Q the Hessian matrix

828 (z) has eigenvalues in the closure of the cone I,;,. In other words

(dd )" AB" K >0, k=1, ---, m. (%)

@ For complex dimension 1 we recover the Poisson equation, for top
dimension n it is the complex Monge-Ampeére equation. The latter is
special since this is the only case when we deal only with nonnegative
eigenvalues. Nevertheless one can try to adapt the methods working
for real Hessian or complex Monge-Ampére equations. In particular
pluripotential theory can be extended to m-sh functions.
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COMPLEX M-HESSIAN EQUATIONS IN C”

e Following the method of Caffarelli-Nirenberg-Spruck for real Hessian
equation Vinacua '86, S. Y. Li '06 solved the Dirichlet problem for
smooth data and strictly positive right hand side in
(m — 1)-pseudoconvex €2 (that means that Levi form at any point
p € 0N has its eigenvalues in the cone I;,_1).
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COMPLEX M-HESSIAN EQUATIONS IN C”

e Following the method of Caffarelli-Nirenberg-Spruck for real Hessian
equation Vinacua '86, S. Y. Li '06 solved the Dirichlet problem for
smooth data and strictly positive right hand side in
(m — 1)-pseudoconvex €2 (that means that Levi form at any point
p € 0N has its eigenvalues in the cone I;,_1).

@ The pluripotential approach was introduced by Btocki who defined
m-sh function as a subharmonic function satisfying

dduNai N...Nam1 AB" T >0

for any collection of m-positive (1, 1) forms «; (o is m-positive if
o ANB" >0forj=1,..,m).
Dinew, K obtained weak solutions showing that for g > n/m,
f € L9(Q) and continuous ¢ on 99 there exists u € SH,,(Q) N C(Q)
satisfying
Hp(u) == (dd“u)™ A BT~ = f3"

and u = ¢ on 0f..
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HOLDER CONTINUOUS SOLUTIONS

o For ¢ € CY! the above solutions are Holder continuous by C. N.
Nguyen (with extra assumption) and Charabati. Here we wish to get
the same conclusion for more general class of measures on the RHS of
the equation, assuming the existence of a Holder continuous

subsolution.

GEOMETRIC METHODS OF COMPLEX ANAL

SEAWOMIR, KOLODZIEJ (JOINT WORK WITH C



HOLDER CONTINUOUS SOLUTIONS

o For ¢ € CY! the above solutions are Holder continuous by C. N.
Nguyen (with extra assumption) and Charabati. Here we wish to get
the same conclusion for more general class of measures on the RHS of
the equation, assuming the existence of a Holder continuous

subsolution.

@ Thus we consider a positive measure 1 such that

< Hm(@)a

where ¢ € SH,,(Q) N C%*(Q) with 0 < a < 1.
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HOLDER CONTINUOUS SOLUTIONS

o For ¢ € CY! the above solutions are Holder continuous by C. N.
Nguyen (with extra assumption) and Charabati. Here we wish to get
the same conclusion for more general class of measures on the RHS of
the equation, assuming the existence of a Holder continuous
subsolution.

@ Thus we consider a positive measure 1 such that

< Hm(@)v

where ¢ € SH,,(Q) N C%*(Q) with 0 < a < 1.

o Given the boundary data ¢ € C%%(9Q) we wish to solve the Hessian
equation

u€ SHL(Q)NCYQ), Hm(u)=p, andu=¢ on Q.
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HOLDER CONTINUOUS SOLUTIONS

THEOREM

Let 1 be the measure for which there exists a subsolution. Then, the
Dirichlet problem above is solvable and there exists 0 < o <1 such that

ue Co(Q).
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HOLDER CONTINUOUS SOLUTIONS

THEOREM

Let 1 be the measure for which there exists a subsolution. Then, the
Dirichlet problem above is solvable and there exists 0 < o <1 such that

ue Co(Q).

@ This result was proved before by us for a compactly supported
measure 4 in §2. Later, Benali-Zeriahi (in a special case) and
Charabati - Zeriahi solved the Dirichlet problem for any i having
finite total mass, i.e., (£2) < +00. Now we remove this extra

hypothesis. However the Holder exponent from our last proof is worse
than in Charabati - Zeriahi paper.
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HOLDER CONTINUOUS SOLUTIONS

@ In general the complex Hessian measure of a Holder continuous
m-subharmonic function may have unbounded total mass.
Let Q be a strictly m-pseudoconvex domain in C" and let p be a C?
strictly m-subharmonic defining function of £2. Consider the function
—(—p)® for some 0 < ae < 1. Then, it is Holder continuous on Q and
m-subharmonic in . It is easy to see that for any x € 02 and Uy a
neighborhood of x,

/ Hm(—|p|*) = +o0.
QNU,

It follows that the measure u =1y, - Hn(—|p|*) has unbounded mass
on € and pu < Hp(—|p|).
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ABOUT THE PROOF

o Let p be a smooth strictly m-sh (in a neighborhood of Q) defining
function of €2, and define for £ > 0 the sets
Q. ={ze€Q:dist(z,0Q2) >¢c},and D. ={z € Q:p(z) < —¢€}.
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ABOUT THE PROOF

o Let p be a smooth strictly m-sh (in a neighborhood of Q) defining
function of €2, and define for £ > 0 the sets
Q. ={ze€Q:dist(z,0Q2) >¢c},and D. ={z € Q:p(z) < —¢€}.

)
o7
Pe ' =MAX{ Y —E,— o,
3

where M = 1+ ||| () is a Holder continuous subsolution on a
bigger domain (we work with zero bdry data).
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ABOUT THE PROOF

o Let p be a smooth strictly m-sh (in a neighborhood of Q) defining
function of €2, and define for £ > 0 the sets
Q. ={ze€Q:dist(z,0Q2) >¢c},and D. ={z € Q:p(z) < —¢€}.

o7
Pe ' =MAX{ Y —E,— o,
3

where M = 1+ ||| () is a Holder continuous subsolution on a
bigger domain (we work with zero bdry data).

THEOREM

There exist constants A1 > 0 and ag > 0 such that for any compact set
K C

N CA2m
| Hinli) < A lcapn(K10 [ Hinli) < S [capm(K)TH,
with constants depending only ”SOHToo(Q)”SOH?o,a(Q) and aqg which is

explicitly computable in terms of oo, m and n.
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ABOUT THE PROOF - STABILITY

PROPOSITION

Let u be the solution for p and let v € SH,, N L*°(£2) be such that v = u
on Q\ Q.. Then, there is 0 < ap < 1 such that

az
sup(v — u) < im (/ max{v — u,O}d,u) :
Q

where C > 0 is a uniform constant independent of ¢.
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ABOUT THE PROOF - STABILITY

PROPOSITION

Let u be the solution for p and let v € SH,, N L*°(£2) be such that v = u
on Q\ Q.. Then, there is 0 < ap < 1 such that

C Q)
sgp(v —u) < —m (/Q max{v — u,O}d,u) :
where C > 0 is a uniform constant independent of ¢. )
o
THEOREM

Let u be the solution and let v € SH,, N L*°(£2) be such that v = u on
Q2 \ Q.. Then, there is 0 < a3 < 1 such that

du < ¢ dV. b
Q’V—U‘ ,U_Em_|_1 Q‘V_U‘ 2n ’
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ABOUT THE PROOF

@ For the solution u define for z € €5,

1
0-2n52n

s5(z) ==

/ u(z + () dVan(C)
1¢|<é

where o5, is the volume of the unit ball. Then, for 4 > 0 small,
/ (a5 — u|dVa, < CO.
Qs

(based on the Jensen formula).
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ABOUT THE PROOF

@ For the solution u define for z € €5,

1
0-2n52n

s5(z) ==

/ u(z + () dVan(C)
1¢|<é

where o5, is the volume of the unit ball. Then, for 4 > 0 small,
/ (a5 — u|dVa, < CO.
Qs

(based on the Jensen formula).

@ To show Holder continuity of u we need to show that
supq,(us — u) < CY for us(z) = supj¢|<s U(z + C).
The above integral estimate, stability estimates for some modified
regularizations yield that.

SEAWOMIR, KOLODZIEJ (JOINT WORK WITH C GEOMETRIC METHODS OF COMPLEX ANAL



HESSIAN EQUATIONS ON KAHLER MANIFOLDS

@ Hessian equations on compact Kahler manifolds

(w4 dd“u)" A" " = fuw", / fw" = / w"
X X

(w a Kahler form on compact manifold X, f > 0 the given function,
1 < m < n) The solutions should be (m,w)-sh and satisfy

(w—+dd )  Aw™ >0, k=1,...,m.
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HESSIAN EQUATIONS ON KAHLER MANIFOLDS

@ Hessian equations on compact Kahler manifolds

(w4 dd“u)" A" " = fuw", / fw" = / w"
X X

(w a Kahler form on compact manifold X, f > 0 the given function,
1 < m < n) The solutions should be (m,w)-sh and satisfy

(w—+dd )  Aw™ >0, k=1,...,m.

@ The solution of this equation generalizes Calabi-Yau theorem. In fact
the continuity method from Yau's proof can be adapted (not directly)
In case of non-negative bisectional curvature. The missing part in the
general case are C? estimates.
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HESSIAN EQUATIONS ON KAHLER MANIFOLDS

@ Hessian equations on compact Kahler manifolds

(w4 dd“u)" A" " = fuw", / fw" = / w"
X X

(w a Kahler form on compact manifold X, f > 0 the given function,
1 < m < n) The solutions should be (m,w)-sh and satisfy

(w—+dd )  Aw™ >0, k=1,...,m.

@ The solution of this equation generalizes Calabi-Yau theorem. In fact
the continuity method from Yau's proof can be adapted (not directly)
In case of non-negative bisectional curvature. The missing part in the
general case are C? estimates.

e Hou-Ma-Wu refined a method of Chou and Wang (real Hessian
equations on Riemannian manifolds) reducing the problem to C!
estimate. They proved the following.
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HESSIAN EQUATIONS ON KAHLER MANIFOLDS

THEOREM

If u € C* solves the above equation then for an independent C

sup [|dd“u||, < C(sup|[|Vul|* +1).
X X
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HESSIAN EQUATIONS ON KAHLER MANIFOLDS

THEOREM

If u € C* solves the above equation then for an independent C

sup [|dd ull, < C(sup |[Vul]? +1).
X X

o C! estimate was proven by Dinew and K. and it was based on

THEOREM

Any bounded, maximal m-sh function with bounded gradient in C" |s
constant. Therefore the Hessian equation on a compact Kahler manifold is
solvable for smooth, positive f.

v

Also using similar argument as in M-A case we proved that there exist
weak continuous solutions of the equation for f € LP(w™), p > n/m,
and the bound on p is sharp.
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(GEOMETRIC APPLICATIONS

@ Fu-Yau '08 proved the existence of some special solutions to the
Hull-Strominger system (supersymmetry in string theory) reducing the
system to M-A type equation in dimension 2. Those solutions
produce a toric fibration over a K3 surface. In higher dimensions such
a reduction leads to hessian type equation with a gradient term:

(x(z, u) + dd°u)* Aw" % = (2, u, Vu)w",

where x(z,u) is a (1,1) form. Phong-Picard-Zhang '14-'19 solved
those equations under mild assumptions.
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(GEOMETRIC APPLICATIONS

@ For a smooth function v : R" — R the graph (x, Vu(x)) is called
special Lagrangian if it is area minimizing among all submanifolds
with the same boundary. Harvey and Lawson proved that the gradient
graph is area minimizing iff the eigenvalues of the hessian of u satisfy

the equation
Z arctan \; = 0.
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(GEOMETRIC APPLICATIONS

@ For a smooth function v : R" — R the graph (x, Vu(x)) is called
special Lagrangian if it is area minimizing among all submanifolds
with the same boundary. Harvey and Lawson proved that the gradient
graph is area minimizing iff the eigenvalues of the hessian of u satisfy

the equation
Z arctan \; = 0.

@ In relation to the mirror symmetry for Calabi-Yau manifolds
Collins-Jacob-Yau '18 solved a corresponding equation assuming the
existence of subsolutions. If w is a Kahler form, we look for a real
smooth, closed (1,1) form x such that

S((w+ix)") = const.R((w + ix)").

The solution yields special Lagrangian surfaces in Calabi-Yau
manifolds.
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HESSIAN EQUATIONS ON HERMITIAN MANIFOLDS

@ Now w is not closed on a compact complex mfd X. We wish to find a
constant ¢ and (m,w)-sh function u such that

(w4 ddu)" A" = cfw".
The solutions should be (m,w)-sh and satisfy

(w—+ddu)* Aw™ >0, k=1,...,m.

SEAWOMIR, KOLODZIEJ (JOINT WORK WITH C GEOMETRIC METHODS OF COMPLEX ANAL



HESSIAN EQUATIONS ON HERMITIAN MANIFOLDS

@ Now w is not closed on a compact complex mfd X. We wish to find a
constant ¢ and (m,w)-sh function u such that

(w4 ddu)" A" = cfw".
The solutions should be (m,w)-sh and satisfy

(w—+ddu)* Aw™ >0, k=1,...,m.
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HESSIAN EQUATIONS ON HERMITIAN MANIFOLDS

@ Now w is not closed on a compact complex mfd X. We wish to find a
constant ¢ and (m,w)-sh function u such that

(w4 ddu)" A" = cfw".
The solutions should be (m,w)-sh and satisfy

(w—+ddu)* Aw™ >0, k=1,...,m.

@ Existence in the smooth non-degenerate case is due to Tosatti -
Weinkove for the M-A equation. In general to D. Zhang and G.
Székelyhidi independently.
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PREVIOUS RESULTS

@ In our previous paper with Cuong Ngoc Nguyen we considered
continuous (w, m)-subharmonic function on compact Hermitian
manifolds and their open subsets.
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PREVIOUS RESULTS

@ In our previous paper with Cuong Ngoc Nguyen we considered
continuous (w, m)-subharmonic function on compact Hermitian
manifolds and their open subsets.

o Main theorem. Let 0 < f € LP(X,w"),p > n/m, and [, fw" > 0.
There exist a continuous (w, m)-subharmonic function u and a
constant ¢ > 0 satisfying

Hp(u) = (w4 ddu)" Aw™™ ™ = cfw".
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PREVIOUS RESULTS

@ In our previous paper with Cuong Ngoc Nguyen we considered
continuous (w, m)-subharmonic function on compact Hermitian
manifolds and their open subsets.

o Main theorem. Let 0 < f € LP(X,w"),p > n/m, and [, fw" > 0.
There exist a continuous (w, m)-subharmonic function u and a
constant ¢ > 0 satisfying

Hp(u) = (w4 ddu)" Aw™™ ™ = cfw".

@ We also obtained stability estimates and showed the existence of
decreasing sequences of smooth approximants of a continuous
(w, m)-sh function in this class. This is nontrivial in this setting and
requires " Berman trick”. However we were not able to deal with
bounded (w, m)-sh functions.
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RESULTS

@ First we show that the complex Hessian measure of a bounded
m — w-sh function u is well defined as the weak limit of

()= i Hou") = ()"

where {u°} is a sequence of smooth m — w-sh functions converging
decreasingly to u (limit is independent of the approximating
sequence).

The proof is based on the CLN inequality in the previous paper and
fairly long argument in several steps.
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RESULTS

LEMMA

Let uy,...,up with 1l < p < m — 1 be bounded m — w-sh functions.
Assume To=1and Tp,_1 =dd“up_1 A\ --- ANddui. Then, the current

dd“up A\ --- ANdd“uy := dd“[up Tp—1]

Is a well-defined current of order zero whose coefficients are signed Radon
measures. Moreover,

dd“up, A --- ANddup Aw" T

is a positive (n — m+ p,n — m + p)-current.

@ This is the starting point for the desired definition. For psh functions
the currents above are positive, in our case we only have currents of
order zero. The currents are obtained via approximating sequences.
The limits should be independent of the approximants we choose.
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RESULTS

@ To verify this we need several statements.

THEOREM (CLN INEQUALITY)

Let K CC U CC €2, where K is compact and U is open. Let uy, ..., up, be
bounded m — w-sh functions in 2, where 1 < p < m. Then, there exists a
constant C depending on K, U,w such that

Jicddug Ao Addup Aw" P < C (14 3P [uslroeuy)” -
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RESULTS

@ To verify this we need several statements.

THEOREM (CLN INEQUALITY)

Let K CC U CC €2, where K is compact and U is open. Let uy, ..., up, be
bounded m — w-sh functions in 2, where 1 < p < m. Then, there exists a
constant C depending on K, U,w such that

Jicddug Ao Addup Aw" P < C (14 3P [uslroeuy)” -

@ The following lemma is a key to get the convergence results for m-sh
functions.
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RESULTS

@ "Integration by parts inequalities”:

LEMMA

Let {v,}/>1 be a sequence of smooth functions from P* (m-sh functions
which are psh close do the boundary) and let w € P* be smooth. Assume
vi<wandv, | v e P* Letp be abounded m— w-sh in ) such that
—1<p<0. Then, forn=dd“uy \N--- Nddum_o with uy,...,un_o € P*

1
>
/(W —v)ddpAn AW < C (/(W — v)ddcv/\n/\w”mH)
Q Q

+C (/Q(W—v)mw"m“)%
+C</Q(W—v)77/\w”m+2)%.

with C depending on P* and sup norms of involved functions.
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@ "Integration by parts inequalities”:

LEMMA

Let {v,}/>1 be a sequence of smooth functions from P* (m-sh functions
which are psh close do the boundary) and let w € P* be smooth. Assume
vi<wandv, | v e P* Letp be abounded m— w-sh in ) such that
—1<p<0. Then, forn=dd“uy \N--- Nddum_o with uy,...,un_o € P*

1
>
/(W —v)ddpAn AW < C (/(W — v)ddcv/\n/\w”mH)
Q Q

+C (/Q(W—v)mw"m“)%
+C</Q(W—v)77/\w”m+2)%.

with C depending on P* and sup norms of involved functions.
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RESULTS

@ Then the definition of dd“u; A --- A dd€up is finally proven to be
correct and so does the symmentry of this product w.r.t. bounded
m — w-sh functions. This allows to mimic pluripotential theory, in
particular to define the Bedford-Taylor capacity:

capm(E) = sup {/ Hn(u) :uis m—w-shin Q, -1 <u< O} .
E
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RESULTS

@ Then the definition of dd“u; A --- A dd€up is finally proven to be
correct and so does the symmentry of this product w.r.t. bounded
m — w-sh functions. This allows to mimic pluripotential theory, in
particular to define the Bedford-Taylor capacity:

capm(E) = sup {/ Hn(u) :uis m—w-shin Q, -1 <u< O} .
E

@ We prove quasi-continuity of m — w-sh functions with respect to this
capacity.
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RESULTS

@ Then the definition of dd“u; A --- A dd€up is finally proven to be
correct and so does the symmentry of this product w.r.t. bounded
m — w-sh functions. This allows to mimic pluripotential theory, in
particular to define the Bedford-Taylor capacity:

capm(E) = sup {/ Hn(u) :uis m—w-shin Q, -1 <u< O} .
E

@ We prove quasi-continuity of m — w-sh functions with respect to this
capacity.

@ The capacity IS NOT realized by the relative extremal function.
However we have a characterization of a polar set E by cap’,(E) = 0.

@ Using this we obtain the equivalence of polar sets and negligible sets
(famous Lelong’s problem for psh functions).
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RESULTS

@ New items in the proofs are: an inequality for elementary symmetric
polynomials (refining Lin-Trudinger):
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RESULTS

@ New items in the proofs are: an inequality for elementary symmetric
polynomials (refining Lin-Trudinger):

LEMMA

There exists a uniform constant C, depending on n, m, such that the
following inequalities are satisfied.
@ (A) Forl<i<m-—1land el

A A
Ai

= < C(Sm—l;iSm—l)%-

(B) Generally, for 1 < ¢ < n and increasing multi-indices (iy, ..., im—_1),

m—1

H ’)\isl < C(Sm—l;ﬁsm—1)§ .
is7#4;s=1
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RESULTS

@ A version of Cauchy-Schwarz:
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RESULTS

@ A version of Cauchy-Schwarz:

LEMMA
There exists a uniform constant C depending on w, n, m such for every
Y ETmw) (WKAwW™=52z2)>0 fork=1,.. m)

2
‘/ o dh A dw A~y A WM

< C/ 0|2 dh AdhAy™ T AWM X /\w LA WML

o (here ™1 A w"~™=1 is not necessarily positive, h, ¢,1) are smooth
functions).
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LEMMA
There exists a uniform constant C depending on w, n, m such for every
Y ETmw) (WKAwW™=52z2)>0 fork=1,.. m)

2
‘/ o dh A dw A~y A WM

< C/ 0|2 dh AdhAy™ T AWM X /\w LA WML

o (here ™1 A w"~™=1 is not necessarily positive, h, ¢,1) are smooth
functions).

@ More complicated integral estimates.
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