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¢1-Invariant

Q C C", a Kobayashi hyperbolic domain. ~ a piecewise C’
curve in €. L(~) = the Kobayashi length of . Then

01(Q2) ;== inf{L(): a oL *}.
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¢4 for annuli

Ann(O,R):{ZE(C: %<\Z|<\/ﬁ}

7.‘.2

1(Ann (0, R)) = =

(Note: the conformal modulus.)
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J. Hadamard: R. de Possel

Theorem (Hadamard 1890+)

The Annuli A(O, r, R), A(O, s, S) in the complex plane are
conformally equivalent if, and only if, r/R = s/S.
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J. Hadamard: R. de Possel

Theorem (Hadamard 1890+)

The Annuli A(O, r, R), A(O, s, S) in the complex plane are
conformally equivalent if, and only if, r/R = s/S.

Theorem (R. de Possel, 1933)

For annuli A(O, r, R), A(0, s, S), there exists an injective
holomorphic map f: A(O,r, R) — A(0, s, S) such that

f(A(O, r, R)) separates the boundaries of A(0, s, S), if and only
ifR/r <§/s.
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An extension

Theorem (Gr.-K.-Shch.)

For hyperbolic manifolds M and N with =1(M) # O, if there is a
holomorphic map f: M — N induces f,: m1(M) — m{(N), an
injection on homotopy, then ¢1(M) > ¢1(N).
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Tubular neighborhoods

For r > 0 sufficiently small,

T'(r) = | J{(z1,....20) € C":

teR
1z — P + |22+ ..+ |zn)? < PP

Iff: T"(r) — T™(s) is holomorphicand 0 < s <r < 1, thenfis
homotopic to a constant map.
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(r-Invariant, kK > 1

@ (X, d) a metric space. §(A) = sup d(p, q).
p,geA
Recall the Hausdorff k-measure for (X, d) is defined by

b (A) = sup inf{Y " (5(A)): A=A (A) < e}
€ =1

@ Call a continuous map f: S — U Hausdorff-Kobayashi
k-rectifiable if

Mﬁob,u(f(sk)) < 0.

@ We define:

(i (U) := the inf of H-K k-measures of all the

H-K rectifiable representatives of the nontrivial

free homotopy classes of f: S — U.
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Tubular neighborhoods of S, k > 1

Lemma

Sk, C?, totally real in C" and contained in a bounded domain
Q c C". Assume that S¥ » «. There exists R such that for any
r e (0,R),

Tr= ) B'(x.r)

xe Sk

satisfies {(T,) > 0.

Moreover, - - -
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G-K-Shch on ¢ (U)

For s, r» sufficiently small, the following hold:

Let U c C™ V c C™ be bounded domains with w1(U) # 0. If
there is a holomorphic f: U — V injective on homotopy, then

zk(Tr) > zk(Ts)- )
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G-K-Shch on ¢ (U)

For s, r» sufficiently small, the following hold:

Let U c C™ V c C™ be bounded domains with w1(U) # 0. If
there is a holomorphic f: U — V injective on homotopy, then

zk(Tr) > zk(Ts)- )

Ifri > rnandiff: T, — T, is holomorphic, then f is homotopic
to a constant map.
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Tubular neighborhoods of general M; Degrees

Let M a compact connected smooth (C? suffices) submanifold
without boundary of RV.

(r > 0 sufficiently small). g : M — T,(M) smooth.
w: T,(M) — M the orthogonal projection. Then define by

deg(g) := deg(m o g)
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Tubular neighborhoods of general M; Degrees

Let M a compact connected smooth (C? suffices) submanifold
without boundary of RV.

(r > 0 sufficiently small). g : M — T,(M) smooth.
w: T,(M) — M the orthogonal projection. Then define by

deg(g) := deg(m o g)

If G: T;, — T, continuous, then define by
deg G := deg(G o incl.).

(If M is not orientable, use Z»-degree.)
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On Degrees

Let M a C?, compact, connected, totally real submanifold of C".
Then there exists R > 0 such that, if0 < r < s < R and if
F: Ts(M) — T,(M) is holomorphic then, deg F = 0.
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Contractability of bounded domains

U c C", a bounded domain with C? boundary. If3f: U — U
holomorphic with f(U) € U with f, : mx(U, 2) — m (U, f(2))
isomorphic, for allk = 1,2, ..., then U is contractible.
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A technique

Lemma (GKShch, Sect. 9)

If U, V bounded domains in C" with U € V then there exists
0 < ¢ < 1 such that

FiP(p, v) < ¢ Ff°(p, v), ¥(p,v) € U x C".
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