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The invariant subspace problem

Invariant subspace problem: Let H be a Hilbert space of di-
mension greaterthan 1. Let T : H — H be a linear and bounded
operator. Does there exist a closed subspace {0} C V C H
such that T(V) C V?
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The invariant subspace problem

The answer is known to be YES in case (Von Neumann,
Halmos, Bernstein and Robinson, ...):
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The invariant subspace problem

The answer is known to be YES in case (Von Neumann,
Halmos, Bernstein and Robinson, ...):

@ H finite dimensional.
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The invariant subspace problem

The answer is known to be YES in case (Von Neumann,
Halmos, Bernstein and Robinson, ...):

@ H finite dimensional.
@ H not separable.
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The invariant subspace problem

The answer is known to be YES in case (Von Neumann,
Halmos, Bernstein and Robinson, ...):

@ H finite dimensional.
@ H not separable.
@ [ normal operator.
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The invariant subspace problem

The answer is known to be YES in case (Von Neumann,
Halmos, Bernstein and Robinson, ...):

@ H finite dimensional.

@ H not separable.

@ [ normal operator.

@ 7 (polynomially) compact operator.
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The invariant subspace problem

The answer is known to be YES in case (Von Neumann,
Halmos, Bernstein and Robinson, ...):

@ H finite dimensional.

H not separable.

T normal operator.

T (polynomially) compact operator.

T Lomonosov (i.e. commuting with a non-trivial compact
operator).
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The invariant subspace problem

The answer is known to be YES in case (Von Neumann,
Halmos, Bernstein and Robinson, ...):

@ H finite dimensional.

H not separable.

T normal operator.

T (polynomially) compact operator.

T Lomonosov (i.e. commuting with a non-trivial compact
operator).

@ Several other particular operators.
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The invariant subspace problem

The answer is known to be YES in case (Von Neumann,
Halmos, Bernstein and Robinson, ...):

@ H finite dimensional.

H not separable.

T normal operator.

T (polynomially) compact operator.

T Lomonosov (i.e. commuting with a non-trivial compact
operator).

@ Several other particular operators.

In Banach (not Hilbert) spaces there are examples with negative
answer (Enflo, Reid).

Filippo Bracci Geometric Methods of Complex Analysis

Invariant subspaces for finite index shifts and the invariant subspace problem in Hilbert spaces



Invariant subspaces  The shift  The Beurling-Lax Theorem  Shiftin H>(D) @ ... @ H?(D)  Flavour of proofs
0080 000000 00 0000000 00000000000

Defect of an operator

Let T : H— H be a linear bounded operator. The defectof T is

5(T) :=dim(/— T*T)H
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Defect of an operator

Let T : H— H be a linear bounded operator. The defectof T is

5(T) :=dim(/— T*T)H

o(T) = 0if and only if T isometry.
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Invariant subspace problem and defect

Theorem (Corollary to Beurling theorem)

The invariant subspace problem has affirmative answer for op-
erators T witho(T) < 1.
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Invariant subspace problem and defect

Theorem (Corollary to Beurling theorem)
The invariant subspace problem has affirmative answer for op-

erators T with6(T) < 1.

Theorem (Br.-Gallardo Gutierrez, 2024)
The invariant subspace problem has affirmative answer for op-

erators T with §(T) < +oc.
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Invariant subspace problem and defect

Theorem (Corollary to Beurling theorem)

The invariant subspace problem has affirmative answer for op-
erators T witho(T) < 1.

Theorem (Br.-Gallardo Gutierrez, 2024)

The invariant subspace problem has affirmative answer for op-
erators T with §(T) < +oc.

If one can extend to 6( T) = +oo the invariant subspace
problem is solved.
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The shift

A linear operator S : H — His a shiftif S is an isometry and
1(S*)"v|| — 0 for all v € H.The index +(S) of a shift is the di-
mension of the kernel of S*.
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The shift

A linear operator S : H — His a shiftif S is an isometry and
1(S*)"v|| — 0 for all v € H.The index +(S) of a shift is the di-

mension of the kernel of S*.

T:H— Hand R: H — H are isometrically equivalent if there
exists an isometric isomorphism U : H — H such that T =

U-TRU.
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The shift

A linear operator S : H — His a shiftif S is an isometry and
1(S*)"v|| — 0 for all v € H.The index +(S) of a shift is the di-

mension of the kernel of S*.

T:H— Hand R: H — H are isometrically equivalent if there
exists an isometric isomorphism U : H — H such that T =

U-TRU.

Every two shifts of the same index are isometrically equivalent.
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The shift

Theorem (Universal model)

Let T : H— H be a bounded and linear operator. LetS : H — H
be a shift. If 5(T) < «(S) then there exists a closed S*-invariant
subspace V such that T is isometrically equivalent to S*|y .
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Let S be any shift.
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Let S be any shift. Then

S* has no minimal closed invariant subspaces of dimension > 1
If and only if the answer to the invariant subspace problem is
affirmative for operators with defect < +(S).
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Let S be any shift. Then

S* has no minimal closed invariant subspaces of dimension > 1
If and only if the answer to the invariant subspace problem is
affirmative for operators with defect < +(S).

or equivalently

S has no maximal closed invariant subspaces of co-dimension
> 1 if and only if the answer to the invariant subspace problem
is affirmative for operators with defect < +(S).
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The shift on the Hardy space H?(ID)

Let

2T .
H(D) := {f € O(D,C) : | fl|Zep) = Iimsup/O f(re'®)|? == < +o0}

r—1-
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The shift on the Hardy space H?(ID)

Let

2T .
H(D) := {f € O(D,C) : | fl|Zep) = Iimsup/O f(re'®)|? == < +o0}

r—1-
The shift S; : H?(D) — H?(D) is given by
Si1(f(z)) .= zf(2).
)(Sy) = 1.
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Beurling Theorem

A holomorphic function ¢ : D — D is innerif |¢*(€'?)| = 1 for a.e.
0 € [0,27].
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Beurling Theorem

A holomorphic function ¢ : D — D is innerif |¢*(€'?)| = 1 for a.e.
0 € [0,27].

Theorem (Beurling)

A closed subspace {0} C M C H?(D) is S;-invariant if and only
if there exists a inner function ¢ such that

M = ¢H?(D) := {¢ - f: f € H*(D)}.
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Beurling Theorem

A closed S;-invariant subspace ¢H?(D) = H#(DD) if and only if ¢
IS constant.
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Beurling Theorem

A closed S;-invariant subspace ¢H?(D) = H#(DD) if and only if ¢
IS constant.

A closed S;-invariant subspace ¢H?(ID) has codimension 1 if
and only if ¢ is an automorphism of .
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Beurling Theorem

A closed S;-invariant subspace ¢H?(D) = H#(DD) if and only if ¢
IS constant.

A closed S;-invariant subspace ¢H?(ID) has codimension 1 if
and only if ¢ is an automorphism of .

If ¢ IS not constant nor an automorphism, there exist two noncon-
stant inner functions ¢4, ¢» such that ¢ = ¢1¢-.
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Beurling Theorem

A closed S;-invariant subspace ¢H?(D) = H#(DD) if and only if ¢
IS constant.

A closed S;-invariant subspace ¢H?(ID) has codimension 1 if
and only if ¢ is an automorphism of .

If ¢ IS not constant nor an automorphism, there exist two noncon-
stant inner functions ¢1, ¢> such that ¢ = ¢1¢. Thus, pH?(ID) C
o1 H?(D).
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Beurling Theorem

A closed S;-invariant subspace ¢H?(D) = H#(DD) if and only if ¢
IS constant.

A closed S;-invariant subspace ¢H?(ID) has codimension 1 if
and only if ¢ is an automorphism of .

If ¢ IS not constant nor an automorphism, there exist two noncon-
stant inner functions ¢1, ¢> such that ¢ = ¢1¢. Thus, pH?(ID) C
o1 H?(D).

Corollary

Sy does not have maximal closed invariant subspaces of codi-
mension > 1.
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Beurling Theorem

A closed S;-invariant subspace ¢H?(D) = H#(DD) if and only if ¢
IS constant.

A closed S;-invariant subspace ¢H?(ID) has codimension 1 if
and only if ¢ is an automorphism of .

If ¢ IS not constant nor an automorphism, there exist two noncon-
stant inner functions ¢1, ¢> such that ¢ = ¢1¢. Thus, pH?(ID) C
o1 H?(D).

Corollary

Sy does not have maximal closed invariant subspaces of codi-
mension > 1. In particular the invariant subspace problem has
affirmative answer for operators with defect < 1.
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The Beurling-Lax Theorem

Beurling’s theorem can be reinterpreted in terms of operators:

A subspace {0} C M C H?(D) is a closed S; -invariant subspace
if and only if there exists an isometry U : H*(D) — H?(D) such
that M = U(H?(D)).
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The Beurling-Lax Theorem

Beurling’s theorem can be reinterpreted in terms of operators:

A subspace {0} C M C H?(D) is a closed S; -invariant subspace
if and only if there exists an isometry U : H*(D) — H?(D) such
that M = U(H?(D)).

Indeed, the only isometries of H2(DD) are given by multiplication
by inner functions.
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The Beurling-Lax Theorem

Beurling’s theorem can be reinterpreted in terms of operators:

A subspace {0} C M C H?(D) is a closed S; -invariant subspace
if and only if there exists an isometry U : H*(D) — H?(D) such
that M = U(H?(D)).

Indeed, the only isometries of H2(DD) are given by multiplication
by inner functions.

Note that the multiplication operator commutes with S;.
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The Beurling-Lax Theorem

Theorem (Beurling-Lax)

Let S: H— H be a shift. A subspace {0} C M C H is a closed
S-invariant subspace if and only if there exists a bounded linear
operator A: H — H (called a S-inner operator) such that

Q@ Ao S=SoA,

1
©Q IfH=kerA® V then A|y is an isometry.
O M= A(H).

Indeed, the only isometries of H2(ID) are given by multiplication
by inner functions.
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The Hilbert space H?(D) @ ... ® H?(D)

Let
H = H*(D)ey & ... H*(D)egy,

where e; = (0,...,0,1,0,...,0), with 1 in the j-th position, j =
1,...,d.
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The Hilbert space H?(D) @ ... ® H?(D)

Let
H:= H*(D)e1 & ... ® H*(D)ey,

where e; = (0,...,0,1,0,...,0), with 1 in the j-th position, j =
1,...,d.

The shift S : H — H is given by
S(f1e1 + ...+ fded) — S; (f)e1 +...+ S (fd)ed.
L(S) =d.
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Determinantal operators

Let 1 < m < d be aninteger number and let A = (ay) be a mxm
matrix whose entries are bounded holomorphic functions in D
(that is, elements of H>*(D)). Let1 < 51 < ... < sy < d. Let
j € {1,...,m}. A determinantal operator is any linear operator
L : H — H?(D) of the form
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Determinantal operators

Let 1 < m < d be aninteger number and let A = (ay) be a mxm
matrix whose entries are bounded holomorphic functions in D
(that is, elements of H>*(D)). Let1 < 51 < ... < sy < d. Let
j € {1,...,m}. A determinantal operator is any linear operator
L : H — H?(D) of the form

L(f1e1 “F o oo T fded) — det f31 - fsm
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Determinantal operators

Any determinantal operator L : H — H?(ID) is bounded and com-
mutes with S.
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Determinantal operators

Any determinantal operator L : H — H?(ID) is bounded and com-
mutes with S.

For d = 1, i.e,, H = H?(D), there is only one determinantal
operator, L = id.
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Determinantal bricks

Let ¢ be either identically zero or an inner function.
A determinantal brick Q, based on ¢ is any set of the form

Q, = L ' (pH*(D)) = {F ¢ H : L(F) € pH*(D)},

where L is a determinantal operator.
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Determinantal bricks

Let ¢ be either identically zero or an inner function.
A determinantal brick Q, based on ¢ is any set of the form

Q, = L ' (pH*(D)) = {F ¢ H : L(F) € pH*(D)},

where L is a determinantal operator.
The set Q,, is a closed S-invariant subspace of H.
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Determinantal bricks

Let ¢ be either identically zero or an inner function.
A determinantal brick Q, based on ¢ is any set of the form

Q, = L ' (pH*(D)) = {F ¢ H : L(F) € pH*(D)},

where L is a determinantal operator.
The set Q,, is a closed S-invariant subspace of H.
Ford =1, i.e., H=H?(D), Q, = pH?(D).
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Determinantal spaces

A determinantal space Q. based on ¢ is the intersection of a
finite number of determinantal bricks based on ¢, that is,

Q,=Q,Nn...nQY,

where @, is a determinantal brick based on ¢, j=1,...,n.
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Determinantal spaces

A determinantal space Q. based on ¢ is the intersection of a
finite number of determinantal bricks based on ¢, that is,

Q,=Q,Nn...nQY,

where @, is a determinantal brick based on ¢, j=1,...,n.
Every determinantal space is a closed S-invariant space.

For d = 1, i.e., H = H?(D), every determinantal space is a
determinantal brick oH?(DD).
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Invariant subspace for S: H — H

Theorem (Br.-Gallardo Gutierrez, 2024)

Let N # {0} be a closed subspace of H. Then N is S-invariant
if and only if there exist inner functions v, ¢ and determinantal
subspaces Q. and Qg such that either

N:¢(QSOQQO)7

or
N=0,.
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Invariant subspace for S: H — H

Theorem (Br.-Gallardo Gutierrez, 2024)

Let N # {0} be a closed subspace of H. Then N is S-invariant
if and only if there exist inner functions v, ¢ and determinantal
subspaces Q. and Qg such that either

N:¢(QSOQQO)7

or
N=0,.

Ford =1, i.e., H = H?(ID), we recover Beurling’s theorem.

Filippo Bracci Geometric Methods of Complex Analysis

Invariant subspaces for finite index shifts and the invariant subspace problem in Hilbert spaces



Invariant subspaces The shift The Beurling-Lax Theorem Shift in H> D)d...d H2(ID>) Flavour of proofs
0000 000000 00 000000e 00000000000

Maximal subspace for S: H — H

Corollary (Br.-Gallardo Gutierrez, 2024)

Let N C H be a closed S-invariant subspace. Suppose that

dim N*- > 2. Then there exists a closed S-invariant subspace
M C H such that N C M.
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Maximal subspace for S: H — H

Corollary (Br.-Gallardo Gutierrez, 2024)

Let N C H be a closed S-invariant subspace. Suppose that
dim N*- > 2. Then there exists a closed S-invariant subspace
M C H such that N C M.In particular, the invariant subspace
problem has affirmative answer for operators of finite defect.
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The Beurling-Lax matrix of a S-closed invariant
subspace

Let M be a closed S-invariant subspace. By Beurling-Lax there
is a S-inner operator R : H — H such that M = R(H)

Filippo Bracci Geometric Methods of Complex Analysis

Invariant subspaces for finite index shifts and the invariant subspace problem in Hilbert spaces



Invariant subspaces  The shift  The Beurling-Lax Theorem  Shiftin H>(D) @ ... & H*(D) Flavour of proofs
0000 000000 00 0000000 ©0000000000

The Beurling-Lax matrix of a S-closed invariant
subspace

Let M be a closed S-invariant subspace. By Beurling-Lax there
is a S-inner operator R : H — H such that M = R(H)

Lemma

There exists a d x d matrix A = (ay) whose entries are bounded
holomorphic functions (actually of co-norm < 1) such that

M = span{pia; + ...+ p4ad},

where am = ameq + ... + ang€q and pm are polynomials, m =
1,...,d.
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ldea of the proof in a particular case

Recall the (Beurling) inner-outer factorization of f ¢ H?(D): f =
IO where [ is inner and O is outer.
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ldea of the proof in a particular case

Recall the (Beurling) inner-outer factorization of f ¢ H?(D): f =
IO where [ is inner and O is outer.

O outerif O € H*(D) and span{S?(O)} = H?(D).
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ldea of the proof in a particular case

Recall the (Beurling) inner-outer factorization of f ¢ H?(D): f =
IO where [ is inner and O is outer.

O outerif O € H*(D) and span{S?(O)} = H?(D).
| consider here only the case d = 2, det A # 0 and the (inner

function) greatest common divisor of the inner parts of all
not identically zero aj is 1.
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ldea of the proof in a particular case
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ldea of the proof in a particular case

(a1 a
A_(b1 b2>‘

Define the determinantal operators L1, Lo : H — H?(D) by

fi f
L1 (f1e1 + fgeg) — det (b11 b22>

and
[>(f1eq + fbes) = det a4 & :
i b
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ldea of the proof in a particular case

Let v be the inner part of det A. Then

M = L7 (pH*(D)) N Ly ' (o HA(D)).

Filippo Bracci Geometric Methods of Complex Analysis

Invariant subspaces for finite index shifts and the invariant subspace problem in Hilbert spaces



Invariant subspaces  The shift  The Beurling-Lax Theorem  Shiftin H>(D) @ ... & H*(D) Flavour of proofs
0000 000000 00 0000000 000@0000000

ldea of the proof in a particular case

Let v be the inner part of det A. Then
M = L7 (oH}(D)) N Ly (oHA(D)).

Let a = aieq + a»es, b = bieq + bseo.
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ldea of the proof in a particular case

Let v be the inner part of det A. Then
M = LT (pHA(D)) N L (o H3(D)).
Let a = aieq + a»es, b = bieq + bseo.

L4(a) = det (gl f;) — det A € pH?(D)

Filippo Bracci Geometric Methods of Complex Analysis

Invariant subspaces for finite index shifts and the invariant subspace problem in Hilbert spaces



Invariant subspaces  The shift  The Beurling-Lax Theorem  Shiftin H>(D) @ ... & H*(D) Flavour of proofs
0000 000000 00 0000000 000@0000000

ldea of the proof in a particular case

Let v be the inner part of det A. Then
M = LT (pHA(D)) N L (o H3(D)).
Let a = aieq + a»es, b = bieq + bseo.

L4(a) = det (gl f;) — det A € pH?(D)

at
at

Lo(a) = det ( Zi) — 0 € pHA(D).
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ldea of the proof in a particular case

Let v be the inner part of det A. Then
M = LT (pHA(D)) N L (o H3(D)).
Let a = aieq + a»es, b = bieq + bseo.

L4(a) = det (Z gi) — det A € pH?(D)

at

Lo(a) = det <a1 Zi) — 0 € pH2(D).

Hence, M C Ly (pH?(D)) N L; ' (¢ H?(D))
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ldea of the proof in a particular case

Conversely, let F = fieq + fhes € Ly (pH?(D)) N L, ' (oH?(D)).
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0000 000000 00 0000000 0000®000000

ldea of the proof in a particular case

Conversely, let F = fieq + fhes € Ly (pH?(D)) N L, ' (oH?(D)).
To prove that there exist polynomials {p,}, {gn} such that

lgna + pnb — FHHZ(]D) — 0.
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0000 000000 00 0000000 0000®000000

ldea of the proof in a particular case

Conversely, let F = fieq + fhes € Ly (pH?(D)) N L, ' (oH?(D)).
To prove that there exist polynomials {p,}, {gn} such that
|gna + pnb — FHHZ(]D) — 0.

We have fia> — fhaj ; fibo — bbby € QOHZ(]D).
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0000 000000 00 0000000 0000®000000

ldea of the proof in a particular case

Conversely, let F = fieq + fhes € Ly (pH?(D)) N L, ' (oH?(D)).
To prove that there exist polynomials {p,}, {gn} such that

Igna+ pnb — Fl| ey — O.
We have f1 do — f231 ; f1 bg — f2b1 c QOHZ(]D)).
By Beurling, there exist {p,}, {qn} polynomials such that

|gndet A—(frac—fhar)||e) — 0,  [|pndet A—(fiba—fb1)|| ey — O.
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ldea of the proof in a particular case

Hence, {b;q,det A} converges in H?(ID) to by (axfy — ai )
(since by Is bounded).
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0000 000000 00 0000000 00000800000

ldea of the proof in a particular case

Hence, {b;q,det A} converges in H?(ID) to by (axfy — ai )
(since by is bounded).
Similarly, {a;p,det A} converges in H?(DD) to a{(bafi — by ).
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0000 000000 00 0000000 00000800000

ldea of the proof in a particular case

Hence, {b;q,det A} converges in H?(ID) to by (axfy — ai )
(since by is bounded).

Similarly, {a;p,det A} converges in H?(DD) to a{(bafi — by ).
Thus, {det A(—pnai + gnby)} converges to f; det A.
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0000 000000 00 0000000 00000800000

ldea of the proof in a particular case

Hence, {b;q,det A} converges in H?(ID) to by (axfy — ai )
(since by is bounded).

Similarly, {a;p,det A} converges in H?(D) to a;(bsfy — by ).
Thus, {det A(—pnai + gnby)} converges to f; det A.

Similarly, {det A(—pna2 + gnb2)} converges to £, det A.
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0000 000000 00 0000000 00000800000

ldea of the proof in a particular case

Hence, {b;q,det A} converges in H?(ID) to by (axfy — ai )
(since by is bounded).

Similarly, {a;p,det A} converges in H?(D) to a;(bsfy — by ).
Thus, {det A(—pnai + gnby)} converges to f; det A.

Similarly, {det A(—pna2 + gnb2)} converges to £, det A.

Thus OK, if we can “divide” by det A.
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ldea of the proof in a particular case

det A = 0O, with ¢ inner and O bounded and outer.

Filippo Bracci Geometric Methods of Complex Analysis

Invariant subspaces for finite index shifts and the invariant subspace problem in Hilbert spaces



Invariant subspaces  The shift  The Beurling-Lax Theorem  Shiftin H>(D) @ ... & H*(D) Flavour of proofs
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ldea of the proof in a particular case

det A = 0O, with ¢ inner and O bounded and outer.
Multiplication by an inner function is an isometry in H2(ID), thus
we have

1Ol(=pna1 + gnb1) — filll @) = 0,

and
||O[(_Pn32 + anz) — f2]||H2(ID) — 0.
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ldea of the proof in a particular case

Let Z := Ly '(pH?(D)) N L, ' (pH?(D))
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ldea of the proof in a particular case

Let Z := Ly '(pH?(D)) N L, ' (pH?(D))
Thus OZ C OM.
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Flavour of proofs
0000 000000 (0]@)

0000000 0000000 e000

ldea of the proof in a particular case

Let Z := Ly '(pH?(D)) N L, ' (pH?(D))
Thus OZ C OM.

Lemma

Let N C H be a closed S-invariant subspace. Let O be a
bounded outer function. Then ON = N.
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0000 000000 00 0000000 00000008000

ldea of the proof in a particular case

Let Z := Ly '(pH?(D)) N L, ' (pH?(D))
Thus OZ C OM.

Lemma

Let N C H be a closed S-invariant subspace. Let O be a
bounded outer function. Then ON = N.

Indeed, if O is outer, by Beurling we can find polynomials {r,}
such that ||r,O — 1|2y — 0.
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ldea of the proof in a particular case

Let Z := Ly '(pH?(D)) N L, ' (pH?(D))
Thus OZ C OM.

Lemma

Let N C H be a closed S-invariant subspace. Let O be a
bounded outer function. Then ON = N.

Indeed, if O is outer, by Beurling we can find polynomials {r,}
such that ||r,O — 1|2y — 0.

Hence L. ' (oH?(D)) N L, ' (pH?(D)) = M.
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Determinantal spaces are not maximal

We sketch the case Z = L, ' (¢H?(DD)), assuming dim Z+ > 1.
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Determinantal spaces are not maximal

We sketch the case Z = L, ' (¢H?(DD)), assuming dim Z+ > 1.
We also assume here that a; # 0 let /(a1) be the inner part of
ai -
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Determinantal spaces are not maximal

We sketch the case Z = L, ' (¢H?(DD)), assuming dim Z+ > 1.
We also assume here that a; # 0 let /(a1) be the inner part of
ai -

Let 6 be the inner function such that ¢ = 0/(ay).
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Flavour of proofs
0000 000000 (0]@) O000000

00000000800

Determinantal spaces are not maximal

We sketch the case Z = L, ' (¢H?(DD)), assuming dim Z+ > 1.
We also assume here that a; # 0 let /(a1) be the inner part of
ai -

Let 6 be the inner function such that ¢ = 0/(ay).

Assume here that 0 is not an automorphism nor constant.
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Determinantal spaces are not maximal

We sketch the case Z = L, ' (¢H?(DD)), assuming dim Z+ > 1.
We also assume here that a; # 0 let /(a1) be the inner part of
ai -

Let 6 be the inner function such that o = 0/(ay).

Assume here that 0 is not an automorphism nor constant.

Thus there exists a not constant inner function ¢4 which divides
6 (and ¢ does not divide ¢1).
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0000 000000 00 0000000 00000000800

Determinantal spaces are not maximal

We sketch the case Z = L, ' (¢H?(DD)), assuming dim Z+ > 1.
We also assume here that a; # 0 let /(a1) be the inner part of
ai -

Let 6 be the inner function such that o = 0/(ay).

Assume here that 0 is not an automorphism nor constant.

Thus there exists a not constant inner function ¢4 which divides
6 (and ¢ does not divide ¢1).

Let N := L, (o1 H?(DD)).
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Determinantal spaces are not maximal

We sketch the case Z = L, ' (¢H?(DD)), assuming dim Z+ > 1.
We also assume here that a; # 0 let /(a1) be the inner part of
ai -

Let 6 be the inner function such that o = 0/(ay).

Assume here that 0 is not an automorphism nor constant.

Thus there exists a not constant inner function ¢4 which divides
6 (and ¢ does not divide ¢1).

Let N := L, (o1 H?(DD)).
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Determinantal spaces are not maximal

Lg(f1e1 + fgeg) — a1fr — asfy.
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Determinantal spaces are not maximal

Lg(f1e1 + fgeg) — a1fr — asfy.
Hence Z C N.
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Determinantal spaces are not maximal

Lg(f1e1 + fgeg) — a1fr — asfy.

Hence Z C N.
On the other hand, Lo(fes) = ayf.

Filippo Bracci Geometric Methods of Complex Analysis

Invariant subspaces for finite index shifts and the invariant subspace problem in Hilbert spaces



Invariant subspaces  The shift  The Beurling-Lax Theorem  Shiftin H>(D) @ ... & H*(D) Flavour of proofs
0000 000000 00 0000000 00000000080

Determinantal spaces are not maximal

Lg(f1e1 + fgeg) — a1fr — asfy.

Hence Z C N.
On the other hand, Lo(fes) = ayf.
Thus, e> ¢ N (because /(a1) and p¢ are coprime).
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Invariant subspaces The shift The Beurling-Lax Theorem
0000000 00000000080

0000 000000 0]@)

Determinantal spaces are not maximal

Lg(f1e1 + fgeg) — a1fr — asfy.

Hence Z C N.
On the other hand, Lo(fes) = ayf.
Thus, e> ¢ N (because /(a1) and p¢ are coprime).

Also, P12 € N\Z
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0000 000000 00 0000000 00000000080

Determinantal spaces are not maximal

Lg(f1e1 + fgeg) — a1fr — asfy.

Hence Z C N.
On the other hand, Lo(fes) = ayf.
Thus, e> ¢ N (because /(a1) and p¢ are coprime).

Also, P12 € N\Z
Therefore, Z C N C H and Z is not maximal.
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Thank you
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